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Abstract. We realize the crystal associated to the quantized enveloping algebras 
with a symmetric generalized Cartan matrix as a set of Lagrangian subvarieties of 
the cotangent bundle of the quiver variety. As a by-product, we give a counterexam- 
ple to the conjecture of Kazhdan-Lusztig on the irreducibility of the characteristic 
variety of the intersection cohomology sheaves associated with the Schubert cells 
qq ■ of type A and also to the similar problem asked by Lusztig on the characteristic 

variety of the perverse sheaves corresponding to canonical bases. 
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I 1.1. G. Lusztig ||L3|| gave a realization of the quantized universal enveloping algebras 



as the Grothendieck group of a category of perverse sheaves on the quiver variety. 
Let be a finite oriented graph (=quiver), where / is the set of vertices and Q 

kjT)! is the set of arrows. Let us associate a complex vector space Vi to each vertex i 6 I. 

\ We set 

E V; n = © Hom(Kut(r), V- n ( r) ) 



and 

Xy = E v ,n © Ey Q . 

They are finite-dimensional vector spaces with the action of the algebraic group Gy = 
Ylizi GL(Vi). We regard X v as the cotangent bundle of E Vt n- Lusztig | |L3|| realized a 
half of the quantized universal enveloping algebra U~(q) as the Grothendieck group 
of Qv,n- Here Qv,n is a subcategory of the derived category D b c (E v ^) of the bounded 
complex of constructible sheaves on E Vt n- The irreducible perverse sheaves in Qy,n 
form a base of U~(q), which is called canonical basis. 



In [p5| he asked the following problem. 
Problem 1. If the underlying graph is of type A, D or E, then the singular support 
of any canonical base is irreducible. 

One of the purpose of this paper is to construct a counterexample of this problem 
for type A. 



The second author is supported by the JSPS Research Fellowships for Young Scientist. 
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1.2. Let G be a connected complex semisimple algebraic group, B a Borel subgroup 
of G and X = G/B the flag variety. Let Dx denote the sheaf of differential operators 
on X. We denote the half sum of positive roots by p and the Weyl group by W. 
For w e W, let M w be the Verma module with highest weight —w(p) — p and L w its 
simple quotient. By the Beilinson-Bernstein correspondence, M w and L w correspond 
to regular holonomic -Dx-modules Wl w and £ w on X, respectively. The characteristic 
varieties Ch(Wl w ) and Ch(£ w ) are Lagrangian subvarieties of the cotangent bundle 
T*X. Each irreducible component of Ch(fXR w ) and Gh(£ w ) is the closure of the conor- 
mal bundle T Xy X of a Schubert cell X y = ByB/B for some y € W. Let .M be the 
abelian category consisting of regular holonomic systems on X whose characteristic 
varieties are contained in U„, g vv T x X. Its Grothendieck group K{M) has two bases, 
{pl w }) wew and {[£ w }) we w- For Me M let Ch(3tt) = E^ew^M^-^] be the 
characteristic cycle. Here m w (JXft) is the multiplicity of 9Jt along T x X. Then Ch 
extends to an additive map from K(A4) to the group of algebraic cycles of T*X. 
Let x be a Z-linear isomorphism from K(Ai) onto the group ring Z[W] defined 
by x([^iu]) = 10 ■ Then there exists a unique basis {b(w)}„, e vi/ of Z[W] such that 
Ch(x _1 (b(w))) = [T Xw X] (See [KL1] and [KT].). This basis is related to the Springer 
representation of the Weyl group. Set a(u>) = %([£„,]) = J2 y ^w m yi.^w)^°{y) ■ The 
basis {&(w)} we w is related to the left cell representation of the Weyl group. There- 
fore an explicit knowledge of m y (£ w ) gives an explicit relation between the Springer 
representation and the left cell representation. If Ch(£ w ) is an irreducible variety, 
that is, 



then the Springer representation coincides with the left cell representation. Due to 
Tanisaki, there is a counterexample of (1.2.1) in the case of B2 (See [T]). In [KL2] 
Kazhdan and Lusztig conjectured that Ch(£^) is irreducible for G = SL n (C). In this 
paper, as a corollary of Problem 1, we shall show that there is a counterexample of 
this conjecture in the case of G = SL 8 (C) and this conjecture is true for G = SL n (C) 
with n < 7. 

1.3. On the other hand, the first author [Kl] constructed the crystal base and 
the global crystal base of U~(q) and the highest weight integrable representations 
of U q (g) in an algebraic way. Grojnowski and Lusztig [GL] showed that the global 
crystal base coincides with the canonical base of Lusztig [|L3|]. 

In this paper, we shall construct the crystal base in a geometrical way. We define 
the nilpotent subvariety of the cotangent bundle of the quiver varieties, following 
Lusztig. The nilpotent variety is a Lagrangian subvariety. We shall define a crystal 
structure on the set of its irreducible components, and we prove that it is isomorphic 
to the crystal associated with U~(q). 



(1.2.1) 



1 if y — w, 
otherwise, 
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1.4. Let us briefly summarize the contents of this paper. In section 2 and 3 we give 
a review of the theory of crystal base [Kl,2,3,4]. After recalling quiver varieties in 
section 4, we define the crystal structure on the set of irreducible components of the 
nilpotent varieties and prove that it coincides with the crystal base of U~(g) in section 
5. In section 6, we recall the relation of the quantized universal enveloping algebras 
and perverse sheaves on the quiver varieties. In section 7, we give a negative answer 
to Problem 1. In the last section, we give a counterexample of the irreducibility of 
the characteristic variety of the irreducible perverse sheaf with the Schubert cell as 
its support in the case of SL 8 . 

We thank T.Tanisaki for stimulating discussions. 

2. Preliminaries 

2.1. Definition of U q (g). We shall give the definition of U q (g) associated with a 
symmetrizable Kac-Moody Lie algebra g. We follow the notations in [Kl,2,3,4]. 

Definition 2.1.1. Let us consider following data: 

(1) a finite-dimensional Q- vector space t, 

(2) an index set / (of simple roots), 

(3) a linearly independent subset {cti ; i G /} of t* and a subset {hi ; i G /} of t, 

(4) an inner product ( , ) on t* and 

(5) a lattice P (a weight lattice) of t*. 

These data are assumed to satisfy the following conditions: 

(6) {(hi, cxj)} is a generalized Cartan matrix 

(i.e. (hi, Oii) = 2, (hi, aj) G Z< for % ^ j and (hi, aij) = <^> (hj, c^) = 0), 

(7) {a t ,a t ) G 2Z >0 , 

(8) (hi, A) = 2(d!j, A)/(a!j, ttj) for any i G / and A G t*, 

(9) ai G P and hi G P* = {h G t ; (h, P) G Z}. 

Then the Q(g)-algebra C/ g (fl) is the algebra generated by e i? /j(i G J) and ^(/i G P*) 
with the following defining relations: 

(10) q h = 1 for h = and = g^g' 1 ', 

(11) g^eig" 71 = g^'^e; and g^/ig-^ = g _(/l ' Ql> /i, 

(12) fc, /,] = Sij(U - tr 1 )/^ - g" 1 ) where g, = g(«*.«0/2 and ti = q^) h ^, 

(13) E (-iTe^e^ = E (-lrfWfjff* = 

n=0 n=0 

where i 7^ j and 6=1 — (/ij, ctj). 

Here we used the notations [n], = (g™ — qi n )/(qi — qi l ), [n]i\ = Ilfc=i[^]i) e i™' > — 
e"/[n]j! and //"^ = /"/[n],!. We understand e- n ^ = = for n < 0. We set 
Q = EjG/Zojj, = Eie/Z> o;i and Q_ = —Q + . Let P + be the set of dominant 
integral weights. 

We denote by U~(g) the Q(g)-subalgebra of U q (g) generated by f, L (i G /). 
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As in [K], we define the Q(g)-algebra anti-automorphism * of U q (g) by 

eC = e h f* = fi and (q h )* = q~ h . 

Note that * 2 = 1. 

2.2. Crystal base. In this subsection we give a review of the theory of crystal base. 
See [Kl,2,3,4] for details. 

Let M be an integrable {7 g (g)-module and let M = @ v ^pM v be the weight space 
decomposition. By the theory of integrable representation of U q ($l(2)), we have 

M= © if (Ker ei nM,). 

0<n<(hi,u) 

We define the endomorphisms and fi of M by 

M n) u) = ft +l) u and 

for u G Ker fl M v with < n < (hi, v). 

Let A be the subring of Q(q) consisting of rational functions without pole at q — 0. 

Definition 2.2.1. A pair (L, B) is called a crystal base of M if it satisfies the fol- 
lowing conditions: 

(2.2.1) L is a free sub-A-module of M such that M = Q(q) ® A L. 

(2.2.2) B is a base of the Q-vector space L/qL. 

(2.2.3) CiL C L and /jL C L for any i 
Therefore, and act on L/qL. 

(2.2.4) eiS C B U {0} and /,5c5U {0}. 
(2.2.5) 

L = © £,„ and 5 = I I B v 

where L^LflM, and B u = B n (L u /qL u ). 
(2.2.6) For 6, 6' eB,b' = fib if and only if 6 = e^'. 

For A G P+, we denote by V(A) the simple C/ ? (g)-module of highest weight A. The 
highest weight vector of V(X) is denoted by u\. We consider the sub-A-module L(\) 
of V(A) generated by f i± ■ ■ ■ fi t u\ and the subset B(X) of L(X)/qL(X) consisting of 
the non-zero vectors of the form f ix - • ■ fi t U\. 

Theorem 2.2.2. (L(X),B(X)) is a crystal base ofV(X). 
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2.3. Crystal base of U~(g). Next we shall define a crystal base of U~(g). 

Lemma 2.3.1. For any P G U~(g), there exist unique Q, R G U~(g) such that 

Qi ~ Qi 

By this lemma, e^(P) = R defines an endomorphism e- of U q (g). 
According to [Kl] we have 

U-(g)= © if } Kere:. 

n>0 

We define the endomorphisms €i and fa of U~(g) by 

Ufi n) u) = fl n+l) u and 
StffM = ft l) u 

for u G Ker e-. 

Definition 2.3.2. A pair (L,B) is called a crystal base of U~{g) if it satisfies the 
following conditions: 

(2.3.1) L is a free sub-A-module of U~(g) such that U~(g) = Q(q) ® A L. 

(2.3.2) B is a base of the Q- vector space L/qL. 

(2.3.3) €iL C L and f\L C L for any 2. 
Therefore and /j act on L/qL. 

(2.3.4) ei-B C 5 U {0} and fcB C 5. 
(2.3.5) 



L = © L v and B = [J 
" e G- no- 
where L v = L n E/"~(0)„, B u = B H {L v /qL v ) and C/-(fl)„ = {P G 
C/-(fl) ; g^Pg-^ = g<Mp for any h G P*}. 
(2.3.6) For b G P such that 7^ 0, we have b = fiefi. 

We introduce the sub-A-module L(oo) of U~(g) generated by ■ ■ ■ f it ■ 1 and 
the subset P(oo) of L(oo)/gL(oo) consisting of the non-zero vectors of the form 

/ii ' fii 1 ■ 

Theorem 2.3.3. (L(oo), B(oo)) is a crystal base ofU~(g). 
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3. Crystals 

3.1. Definition of Crystal. 

Definition 3.1.1. A crystal B is a set endowed with 

(3.1.1) maps wt:B^P, e t : B -> Z U {-oo}, ipi : B -> Z U {-(X)} and 

(3.1.2) : 5 -> 5 U {0}, fi-.B^BU {0}. 

They are subject to the following axioms: 

(CI) <p i (b)=e i (b) + {h i ,wt(b)). 
(C 2) If b G B and ejb G B then, 

wt(ejfe) = wt(fe) + a h £i(eib) = £i(b) - 1 and ipifab) = tfi(b) + I. 
(C 2') If b G B and fob G 5, then 

wt(fib) = wt(6) - «i, £i(/i6) = e<(6) + 1 and <#(/<&) = </?;(&) - 1. 
(C 3) For b, b' G B and ieI,V = e-b if and only if b = 0. 
(C 4) For & G -B, if ^(6) = -oo, then e { b = fib = 0. 

For two crystals B\ and B2, a morphism if) from i?i to -B2 is a map Bi U {0} — > 
-B 2 U {0} that satisfies the following conditions: 

(3.1.3) ^(0) = 0, 

(3.1.4) If 6 G Si and ^(6) G £ 2 , then 

wt(^(6)) = wt(fo), £i(^(6)) = £i(6), and ^(^(6)) = ¥>i(&), 

(3.1.5) If 6,6' G B\ and i G / satisfy £(&) = 6' and ip(b), ip(b') G S 2 , then we 
have f^)) =1>(V). 

A morphism if) : B\ — > Z?2 is called strict, if it commutes with all and /j. 

A morphism ^ : B 1 — > S 2 is called an embedding, if ^ induces an injective map 
from Si U {0} to S 2 U {0}. 

For two crystals B 1 and B 2 , we define its tensor product B\ <g> _B 2 as follows: 

B X ®B 2 = {h <S> b 2 ; he Bi and b 2 G -B 2 } , 
(8> 6 2 ) = max ^(61), £j(6 2 ) - wtj(6i)^, 

® M = max (viih) + wti(& 2 ), V?i(&2)) , 

wt(&i<g)& 2 ) = wt(foi) + wt(fe 2 ). 

Here wt;(&) denotes (/ij,wt(6)). 

The action of and /, are defined by 

£i(bi®b 2 ) = \ f bl Jt b > [ ^fA- £ fA 
v ' \ bi®db 2 if ifiih) < Ei{b 2 ), 
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fi(h®b 2 ) 



fih®b 2 if (Pi(h) > £j(fe 2 ) 
h <S> /i& 2 if <-Pi(bi) < Ei(b 2 ). 



Example 3.1.1. For i <E I, B { is the crystal defined as follows 

Bi = {bi(n) ; n 6 Z} , 
wt(6j(n)) = 

(fi(bi(n)) = n, Ei(bi(n)) = -n, 
ifj(bi(n)) = Ej(bi(n)) = -oo for i ^ j. 

We define the action of e~i and by 

ei(6i(n)) = bi(n + 1), 
~fi{bi{n)) = bi(n - 1), 
e~- (k (n) ) = /j (k (n) ) = iori^j. 

We write 6j for 6^(0). 

Example 3.1.2. For A G P+, 5(A) denotes the crystal associated with the crystal 
base of the simple highest weight module with highest weight A. For b G B(\) we 

~ A; 

set £j(6) = max {A; > ; e j 6 7^ 0}, = maxjfc > ; fi b 7^ 0} and wt(6) is the 
weight of b. 

Example 3.1.3. B(oo) is the crystal associated with the crystal base of U~(q). For 
b G B(oo) we set £i(b) = max {/c > ; e~; fc o ^ 0} and ^(6) = £*(&) + (/i;,wt(6)). We 
denote -Uqo by the unique element with weight 0. 

3.2. We have L(oo)* = L(oo) and * induces an endomorphism of L(oo)/qL(oo). 
Theorem 3.2.1. 

5(00)* = B(oo). 
We define the operators e*, /* of U~(q) by 
(3.2.2) e* = *ei*, and f* = */ i * . 

Theorem 3.2.2. (1) For any i, i/iere exists a unique strict embedding of crystals 

*i : 5(oo) B(oc)®Bi 

that sends Uqo to <g> 6j. 

(2) 7/*i(6) = V ®f?bi (n > 0), then e { (b*) = n, £;(&'*) = and b = f* n b'. 

(3) Im *j = {6 <g> ; 6 G ^(oo), £<(&*) = 0, n > 0}. 

In fact the above properties characterize B(oo) as seen in the following proposition. 
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Proposition 3.2.3. Let B be a crystal andbo an element of B with weights. Assume 
the following conditions. 

(1) wt(£) C Q_. 

(2) bo is a unique element of B with weight 0. 

(3) £i(&o) — for every i. 

(4) Ei(b) G Z for any b and i. 

(5) For every i, there exists a strict embedding : B —>■ B <S> Bi. 

(6) ^(BjcBx^n^O}. 

(7) For any b E B such that b 7^ bo, there exists i such that ^(6) = 6' <8> /i wit/t 
n > 0. 

T/ien i? is isomorphic to B(oo). 

Proof. First note that ^(6 ) = b ® 6j by (0), (0) and (g). 
We shall show that for any b £ B with b ^ bo there exists z such that ej(fo) 7^ 0. 

Take % such that = V®fi\ with n > 0. If b' = b then e;(o) = bo®]^"^ 7^ 0. 
If b' 7^ 60 j then the induction on the weight implies the existence of j G / such that 
e~ (o') 7^ 0. Then e~(6) 7^ 0. 

Hence any element of B has the form fi 1 - ■ ■ fifio with i\, ■ ■ ■ i\ G J . 

Now take a sequence «2 5 ' ' ' ) m -f i n which every element of / appears infinitely 
many times. Let us consider the composition $ n of the following chain of crystal 
morphisms. 

$ n :S B®B h ^%B®B i2 ®B il ^---^B®B in ®---®B h . 

Then for any b G B there exists n such that $ n (6) has the form bo®fi n bi n ®f? n ~*bi n _ 1 ® 

• ■ ■ ® fil^n- The sequence (ai, 02, ■ • • , a n , 0, 0, • ■ ■ ) does not depend on such a choice 
of n. Let 5 be the set of sequences (a\, 02, • • • , a n , 0, 0, ■ • ■ ) of integers such that 
a n = for n » 0. Then S has a crystal structure by (a\, a 2 , ■ • • , a n , 0, 0, ■ • ■ ) 1— > 

• • ■ <8> Oj 2 (— a 2 ) ® ai). Then both B(oo) and i? are strictly embedded into I? and 
their images coincide with the smallest strict subcrystal of B containing (0,0, • ■ ■). 
Therefore, they are isomorphic. □ 

4. Quivers and associated varieties ([L5,6] and [Nl,2]) 

4.1. Definition of quiver. We shall recall the formulation due to Lusztig [L5,6]. 

Suppose a finite graph is given. In this graph, two different vertices may be joined 
by several edges, but any vertex is not joined with itself by any edges. Let / be the set 
of vertices of our graph, and let H be the set of pairs of an edge and its orientation. 
The precise definition is as follows. 

Definition 4.1.1. Suppose that following data (1) ~ (5) are given: 
(1) a finite set /, 
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(2) a finite set H, 

(3) a map H — > I denoted r i— > out(r), 

(4) a map H — > / denoted r i— > in(r) and 

(5) an involution r i— > f of if. 

We assume that they satisfy the following conditions; 

(4.1.1) i n (^) — out(r), out(f) = in(r) and 

(4.1.2) out(r) ^ in(r) for all r G H. 

An orientation of the graph is a choice of a subset VL <Z H such that 

nuH = F and n Q = </). 

We call a quiver a graph with an orientation. 

To a graph (/, H) we associate a root system with simple roots {ai} ie i and simple 
coroots {hi} ie i with 



2, i=j, 
-#{r G H ; out(r) = i, in(r) = j}, i ^ j. 



We denote by q the corresponding Kac- Moody Lie algebra and U q (g) the correspond- 
ing quantized universal enveloping algebra. 

4.2. Let V be the family of /-graded complex vector spaces V = ©jg/V^. We set 
dimV" = — X^e/(dim Vi)a!j G For z/ G Q_, let be the family of /-graded 

complex vector spaces V with dim V — v. 

Let us define the complex vector spaces E Vt n and Xy by 

E Vt n = © Hom(V/ ut(r),1 / ill ( r )), 

Xy = © Hom(Kut(r),Mn(r))- 

In the sequel, a point of £y,£} or Xy will be denoted as B — (B T ). Here /> r is in 
Hom(Kut(r),1 / in ( r )). 

We define the symplectic form oo on Xy by 

(4.2.1) uj(B,B') = £( T ) tT ( B fB' T ), 

T<=H 

where e(r) = 1 if r G f2, e(r) = —1 if r G 0. We sometimes identify X v and the 
cotangent bundle of E v ,n via uj. 

The group Gy = Hi e iGL(Vi) acts on £y,f} and Xy by 

Gy 9 g = (gt) : (£ T ) i-> (^ in(r)J B r ^ ou 1 t(r) ), 
where ^ G GL(VJ) for each i E I. 
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The Lie algebra of Gy is 0y = ig/ End (V^). We denote an element of gy by 
A = (Ai)i(zj with Ai G End (V£). The infinitesimal action of A G Qv on Xy at B G Xy 
is given by [A, -B]. Let /i : Xy — > gy be the moment map associated with the Gy- 
action on the symplectic vector space Xy. Its i-th component /ij : Xy — > End (V^) is 
given by 

tn(B)= Yl e(r)B f B T . 

TdH 

i=out(r) 

For a non-negative integer n, we set 

<5« = {o- = (n, r 2 , ■ ■ • , T n ) ; Ti G H, in(n) = out(r 2 ), ■ • • , in(r„_i) = out(x„)} , 

and set & = \J n >o& n - For a = (ri,r 2 ,--- , r n ), we set out(a) = out(ri), in(cr) = 
in(r n ). For B G Xy we set 5^ = B Tn ■ ■ ■ B Tl : V out ( Tl) -> Mn(r n )- If n = 0, we 
understand that & n = {1} and Bi is the identity. An element B of Xy is called 
nilpotent if there exists a positive integer n such that 5 CT = for any a G © n . 

Definition 4.2.1. We set 

X ov = {BeX v - n(B) = 0} 

and 

Ay = {B G Xy ; fi(B) = and B is nilpotent}. 
It is clear that Ay is a Gy-stable closed subvariety of Xy. It is known that Ay is 



a Lagrangian variety [L5 



5. Lagrangian construction of crystal base 

5.1. For each v G Q-, let us take V{y) G V u and set X{v) = X v ^, X (u) = X ov r u ^ 
and A(y) = Ayr u y For u, v 1 and v in Q_ with = v' + we consider the diagram 

(5.1) X (u)x Xo (u')^X^,u')^X (u). 

Here Xq(z/, z/) is the variety of (5,0,0') where I? G A (z/) and = (0j), <fi = ((//) 
give an exact sequence 

(5.2) o^v^.hv^Aviu'^^O 

such that Im0 is stable by B. Hence B induces B : V(v) — > V(u) and B' : V(u') — > 
V{v'). We define qi (B,<j),<f>') = (B, B') and q 2 (B,4>,4>') = B. 
The following lemma is easily proved. 

Lemma 5.1.1. Under the above notations the following two conditions are equiva- 
lent. 

(a) B is nilpotent. 

(b) Both B' and B are nilpotent. 
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By this lemma, the diagram (|5.1|) induces the diagram 

(5.3) A(u) x A(z/)^-A'(i/y)-^*A(i/). 

Here A'(z7, i/) = g 2 _1 (A(z/)) = gr 1 (A(z/) x A(i/)). 
For j 6 / and p 6 Z>o we consider 

where 

ei (B) = dim Coker ( © V(z/) out(r) ^ . 

\ r;in(r)=i / 

It is clear that X (z/)j iP is a locally closed subvariety of Xq(v). 

5.2. In this and the next subsections, we assume that v = v — cat for c G Z>o- We 
set V = V(u) and V" = V(p). 

Let us consider the special case of ( |5.1| ). Note that X (— cai) = {0}. 

(5.4) X (z/) -X (z7) xX (-c« l )^X^(z7,-c« l )^X (z/). 
Lemma 5.2.1. Let p G Z> . T/ien we /iai>e 

ro r 1 (^o(^)i, P ) = ^ (x (f)i, p+c ). 

Proof. This follows immediately from the diagram (|5.2| ). □ 

Definition 5.2.2. We set 

X' Q (i>, -coti) p = tt7r 1 (X (z/)i iP ) = w 2 1 (X (u) itP+c ). 
Suppose p = 0. Then we have following diagram 

(5.5) X Q (u) D I (i/) j ,o^^(i/ 1 -c ai ) ^IoM l ,c cXoM. 
Note that X (^)j ! o is an open subvariety of Xq(u). 

Lemma 5.2.3. (1) w 2 : Xq(u, — caj)o — >X (^)j jC is a principal fiber bundle with 
GL(C C ) x \[ jeI GLiy{V)j) as fiber. 
(2) w\ : Xq(u, — c«j)o — >Xo(z/)j ) o «s a smooth map whose fiber is a connected 

rational variety of dimension Yljei ( dim V{y)j ) — c(a>i, v). 
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Proof. (1) The fiber of w 2 over B G X (i/) ijC is the set of families of isomorphisms 

V(9)i^lm( © V(v) out(T) ^V(v)i) and 

in(r)=i 

Coker( © V» out(r) -> ^(i/)i)^y(-cai)i. 

m(r)=i 

Hence we obtain (1). 

(2) Let B G X (u)ifi and take (B, 0, 0') G tJ7f 1 (_B). Consider the following diagram : 

V(P)< — ©out(T)=i V"(p)in( T ) £(T)Bt ) V(p)j 



V», ©aut(r)=i^Min(r) V(v)i 

Since _B G /i _1 (0) and -B G // _1 (0), the compositions of horizontal arrows vanish. 
On the other hand (e(r)B f ) is surjective because B belongs to X (u) i:0 . Therefore, 
for a given B, the fiber of w\ over £? is the set of elements (0, -0, 00 such that the 
composition of 

V(u)i & V(u)i -t Ker ( © l/(P) in(r) - 1/(P),) 

r;out(r)=i 

coincides with the morphism induced by B. Hence the fiber wi~ 1 (B) is connected 
and locally isomorphic to 

IJ GL(V(u)j) x Horn (c c , Ker ( © V(u) Hr) -> V(P)i)) / Horn (C c , V(P)0 . 

jg/ V r;out(r)=« / 

□ 

Now we denote by B(oo;v) the set of irreducible components of A(u). For A G 
B(oo; v), we define £j(A) = £j(.B) by taking a generic point S of A . For I G Z> , we 
set B(oo; v) it i the set of all elements of £?(oo; v) such that £j(A) = I. 

The preceding lemma implies the following proposition. 

Proposition 5.2.4. 

B(oo; P) i)0 = ^(oo; i/) i>c . 

Definition 5.2.5. Suppose that A G B(oo; P)o corresponds to A G B(oo; v) c by 
this isomorphism. Then we define maps fi : B(oo; PJo — > B(oo; v) c and ej max : 
fi(oo; i/) c -> ^(oo; P) by 

//(A) = A, 

-max ^ = ^ 
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Furthermore we define the maps 

ii : |J B(oo; v) -> [_\ B(oo; v) U {0} and 

V V 

/ i: |JS(oo;i/)-|jB(oo;i/) 

V V 

as follows. If c > then we define 

- c— 1 

^ g max f, 

e { : B(oo] v)c — > B(oo] z/) — — > B(oo] v + c^) c _ b 

and §i(A) = for A G B(oo] z/) . We define fi by 

- c+l 

~ g max f 

fi : B(oo; v) c — > 5(00; u) — — > .6(00; v - aii) c+1 . 

~ C 

Then the maps ej max (resp. fi ) which is constructed in the definition may be 
considered as the c-th power of ii (resp. fi). Let us define a map wt : \J U B(oo; v) — > P 
by wt(A) = v G P for A G 5(oo; 1/). We set ^-(A) = e 4 (A) + (^,wt(A)}. 

Theorem 5.2.6. U^i^oo; v) is a crystal in the sense of Definition |3.1.1| . 

Proof. By the definition, (CI) and (C3) are automatically satisfied. By the definition 
of efj, we have £j(e"jA) = c — 1 = £j(A) — 1. Similarly we have £j(jfjA) = £j(A) + 1. 
Therefore (C2) and (C2') are satisfied. Since there is no A such that £j(A) = —00, 
(C4) is satisfied. □ 



Lemma 5.2.7. If A G B(oo; v) satisfies £j(A) = for every i, then v — 0. 

Proof. By the assumption, ©i n ( T ) 
point I? of A. Hence for every n, 



Proof. By the assumption, ®i n ( T )=iV(u) ont ^ — — * ^ / ( z/ )j is surjective for a generic 



© V»out( CT ) ^ V», 

i 11 ( cr ) — i 

is surjective. Then the nilpotency of B implies V{y)i = 0. □ 
5.3. We shall use the diagram (5.1.1) in the opposite way to 

(5.6) X (u) = X (-c ai ) x X (v)^X' (-ca t ,is)^Xo(is). 

We define for B G X (v) 

£*(£) = dim Ker(V(^^> © ^(z/) in(r) ). 

r;out(r)=i 

For A G B(oo; u) we define £*(A) as e*(B) by taking a generic point B of A. We set 

X ( V y i ={BeX {v);et(B)=p} 1 
fi(oo; »/)? = {A G ,6(00; v) ■ eV(A) = p}. 
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We choose an isomorphism between V(u)i and its dual for every i. Then * : B i— > *5 
gives an automorphism of Xq(v) and A(u) is invariant by this automorphism. This 
induces an automorphism * : B(oo\v) — > B(po;v). Since A(y) is Gy(^)-invariant, 
this does not depend of the choice of isomorphisms V(v)* ~ V(y). The diagrams 
( |5.4| ) and ( |5.6| ) are transformed by *. We have 



e*(A)=e l (A*). 

We define 



~ *max , _ ~ max _ , 

e,- = * O e,' O *, 



fi = * ° fi°*, 



Note that e* and fi may be defined as and /, using ( ]5.6p instead of (p.4|). We 
have 

e,* max : £(oo; z/) c ^5(oo; P)° 



Proposition 5.3.1. Let A be an irreducible component of A(y). We set c = e*(A) 
and A = ej* max A. Then we have 

(1) 

£j(A) = max (£j(A), c - (aj, i/)). 

(2) /or i 7^ j, 

£*(e,(A)) = c, 
eT max (e,(A)) = e~.(A). 



(3) Assume £i(A) > 0. TTien we /iawe 
e?(^(A)) = 

and 



«/e*(A) > c - («i,z/) 
ifei{A) < c - (a*,*/) 



e~™(e~(A)) 



ej(A), if Ei(A) > c- (aj, i/), 
A, t/ei(A) < c- (ai,P). 



Proof. Since (2) may be proved in a similar way to (3) with an easier argument, we 
shall only prove (1) and (3). Consider the diagram (|5.6| ). Let us take a generic point 
B of A. Then a generic point B of Wjiu'f ^B) is a generic point of A. 
Fix a surjection 

0' : V(v) -> 
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Set 

N = Coker ( V(v)i -> V(u) ^ © V(u) Hr) ). 

V out(r)=i / 

Then 



dim N = dim ( © V(v) in{j ) ) - dim V(v)i = dim V(z/)j + (a*, P). 

The maps S f induces a map ^ : AT — > V(p)j. Let : A" — > V(i/)j be a generic 
map such that 

^ = $ ° V?- 

Then i? is given as follows. 

B T if in(r), out(r) 7^ i, 



V(v)i ^ V(v)i ^ V{P) in(T} if out(r) = i, 



V»in(f) -> © ^(^)in(r') -> AT A if in(r) = i. 

t'; out(r')=i 

Since </? is generic, we have 
(5.7) dim Ker = max (dim Ker ip — c, 0) 

Let us calculate Si(B). Since Im ^ ©m(r)=i ^ / (' / )out(r) — * ^(^)i^ = Im(iV 

£i(S) = diml / (z/) i — dimlm ((/?) 

= dim T/(i/)j — dim N + dim Ker (</?) 

= max ^ dim V(v)i — dim iV + dim Ker (■?/>) — c , dim V(v)i — dim A^ 

= max ^ dim Coker ip, c — (a,, P)^ 

= max ^£i(A), c - (ctj, P)^ 
Thus we obtain (1). 

Now let us prove (3). Set v 1 = v + a, and P' = P + ctj. Let us take a generic 
hyperplane iJ of V{y)i containing Im (</?). Then taking V(u') ~ iJ, we obtain a 
generic point B' of e"j(A). Similarly, taking a generic hyperplane of V(P)i containing 
Im (■0), we obtain a generic point of eTj(A). 

If dimKer?/> > c (i.e. £«(A) > c— (ccj, P)), then Im (p) D Ker (0Q and hence <p'i{H) 
is a hyperplane of V(p)j. Therefore e*(ej(A)) = c and ej* max (ej(A)) = ej(A). 

If dim Ker ip < c, then Im (ip) Ker (0-) and hence (j)'i(H) = V(p)j. Therefore 
£*(e,(A)) = c - 1 and eT max e,(A) = A. □ 

We recall that B(oo) is the crystal base of U~(g). 
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Theorem 5.3.2. We have an isomorphism of crystals 

□ B(oa;v) S .6(00) . 

Proof. We define a map $j : \_\ u B(oo; v) -> U^i^oo; (/) ® B; by A k ej max (A) ® 

/j 61 *" &j. It is clear that this map is well-defined and injective. Moreover, it is a strict 
morphism of crystals by the preceding lemma. Now we can apply Proposition |3.2.3 
because the condition (0) is satisfied by Lemma |5.2.7| . □ 

We denote by A b G UveQ- B(oo; v) the corresponding element to b G B(oo) under 
this isomorphism. The following proposition is proved by Lusztig. 

Proposition 5.3.3. A(z/) is a Lagrangian subvariety of X (v). 

By this result, any A^ in B(oo; v) is an irreducible Lagrangian subvariety of X (y). 



6. Review of the theory of canonical base 

6.1. Canonical base. Let us recall the results on Lusztig on canonical bases. We 
write T>{X) for the bounded derived category of complexes of sheaves of C- vector 
spaces on the associated complex variety with an algebraic variety X over C. Objects 
of T>(X) are referred to as complexes. We shall use the notations of [BBD]; in 
particular, [d] denotes a shift by [d] degrees, and for a morphism / of algebraic 
varieties, /* denotes the inverse image functor, f\ denotes direct image with compact 
support, etc. 

We fix an orientation Q of quiver. Let v G Q_ and let S v be the set of all pairs 
(i, a) where i = (zi, 12, • • ■ , i m ) is a sequence of elements of / and a = (ai, 03, • • • , a m ) 
is a sequence of non-negative integers such that J2i OiQfy = —v. Now let V G V v and 
let (i, a) G S u . A flag of type (i, a) is, by definition, a sequence = (V = V° D 
V 1 D • • • D V m = 0) of /-graded subspace of V such that, for any I = 1, 2, • • • , m, 
the /-graded vector space V l ~ l /V 1 is zero in degrees 7^ i\ and has dimension ai in 
degree i\. We define a variety jF i a of all pairs (B, 0) such that B G E v ,n and is a 
.B-stable flag of type (i, a). The group Gy acts on T\ >a in natural way. We denote by 
7Ti, a : J^i, a — > Eyfr the natural projection. We note that 7r iia is a GV-equivariant proper 
morphism. We set L i)a; n = (7^)1(1) G T>(Ey ! n). Here 1 G D^.a) is the constant 
sheaf on jF i a . By the decomposition theorem [BBD], /v ia; Q is a semisimple complex. 

Let Vv,n be the set of isomorphism class of simple perverse sheaves L on Ey^t 
such that L[d] appears as direct summand of L^.q for some (i, a) G and some 
d G Z. We write Qv,n for the subcategory of V(E Vj q) consisting of all complexes that 
are isomorphic to finite direct sums of complexes of the form L[d] for various simple 
perverse sheaves L G Vv,n and various d G Z. Any complex in Qv,n is semisimple 
and GV-equivariant. 
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Take V G V u , V G V v ', V G Vu for v — v' + v in Q-). We consider the diagram 



(6.1) EynxE v , n <^E'^E"^E 



vn 



Here E' is the variety of (B, <f>, 0') where B G Fyn and — > F — > V — > V — > is 
a B-stable exact sequence of /-graded vector spaces, and E" is the variety of (B, C) 
where B G Fyn and C is a F-stable /-graded subspace of V with dimC = v. The 
morphisms pi, p 2 and ^3 are defined by pi(B,rf>, <fi') = (B\y, B\y), p2(B,(f>,(f>') = 
(B,lm((f))) and p%(B,C) = B. Note that p\ is smooth with connected fiber, p 2 is a 
principal Cry x Gy-bundle, and p 3 is proper. 

Let V G Qy,n and L G Qv,n- Consider the exterior tenser product LML'. Then 
there is (p 2 \p\(LML') G £>(F")_such that (p 2 )*(p 2 )bPt(-/SL') = p*(LBZ/). We define 
V * L G Qy,n by (p3)!(p 2 )bPi(-^-^')Mi — ^2] where di is the fiber dimension of pi 
(i = 1,2). Let JCy,n be the Grothendieck group of Qv,n- We considered as a Z[g, g -1 ]- 
module by q(L) = L[l], q~ l (L) = L[—l]. Then /Cq = ® V £Q_ JCv(v),n has a structure 
of an associative graded Z[g, g _1 ]-algebra by the operation *. We denote by Fj G 
^y(-ai),n the element attached to 1 G T>(E v / a .- )i c l ). 

Theorem 6.1.1. ||L3|| There is a unique Q(g) -algebra isomorphism 



suc/i i/ia£ r^(/j) = Fj. 

Let us identify L G 7V,n with L®1 G K-q ®z[ M -i] Q(g). We set B = r^QJvev ^V,n) 
and call it the canonical basis of U~(g). By [GL], B and B(oo) are canonically 
identified. For b G B(oo) the corresponding perverse sheaf is denoted by L&n. 

6.2. Let y be a smooth algebraic variety. For any L G £>(50, we denote by SS(L) 
the singular support (or the characteristic variety) of L. It is known that SS(L) is a 
closed Lagrangian subvariety of T*Y (See |[KS|| ). 

We recall that T*Ey^ is identified with Xy. By the Fourier transform method, we 
have 



Theorem 6.2.1. ||L5|| SS(Lb,n) does not depend on the choice of VI. 

We say i G / is sink (resp. source) of Q if there is no arrow i — > j (resp. j — > i) in 

a 

Theorem 6.2.2. (1) For any L G 7-V,n ^ e singular support SS(L) is a union of 
irreducible components of Ay. 
(2) For any b G B(oo) and i G /, we have 



(6.2) 



A b C SS(L biQ ) c A b U |J A^. 

ei(&0>ei(&) 
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Proof. The first statement is due to Lusztig ||L5||. By taking Q such that i is a sink, 



the second statement follows from L3|. □ 



Note that if there is a bijection s : B(oo) — > B(oo) such that SS(Lb t n) d A s (&) for 
any b G B(oo), then s must be the identity (cf. Problem in [[Co]]). In fact, by the 
decreasing induction on (|6^ ) implies = b. 



The following problem is also asked by Lusztig [L5 



Problem 1. If the underlying graph is of type A, D, E, then the singular support of 
any L G Vy,n is irreducible. 

Furthermore he noted that the next conjecture |[KL2|| follows from Problem 1 for 
type A (see § E>.1|) . In fact it is easy to see that they are equivalent. 



Conjecture 2. Let X be the flag manifold for SL(n) and let X w be the Schubert 
variety of SL(n) which corresponds to the element w of the Weyl group W. Then 
the singular support of 7T< Cx- w is irreducible. 



In the next section we construct a counterexample of Problem 1 for a graph of type 



.4. 



7. Counterexample to problem 1 

7.1. In this and the next section we assume that the underlying graph is of type A. 

Let us take v G Q_ and V G V u . Let Oq be a Gy-orbit in E v ^. As the underlying 
graph is of type A, Ey t n has finitely many Gy-orbits. By ||L3|| we know that there 
is one-to-one correspondence between GV-orbits O in E v ^ between the crystal basis 
b G B(oo) of U~(q) of weight v by A b = T^Ev^. For b G B(oo), we denote by O b & 
the corresponding GV-orbit. The next theorem is due to Lusztig (See |[L3|| .). 

Theorem 7.1.1. Let b G B(oo). Then we have 

Lb.n = 'Co^ 

where <Co bn is the constant sheaf on Ob t n and n - is the minimal extension functor. 
Note that SS(Lb.n) depends only on b G B(oo) and not on Q (cf. Theorem |6.2.1| ). 



7.2. In the rest of the section, we shall present a counterexample of Problem 1 when 
the underlying graph is of type A 5 . Let us take a graph of type A 5 and its orientation 
Q as follows; 
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Let „ u =„~? a J 7 ~ 4 " 3 ~ 4 " 4 ~ 2 " 5 - Set b = /2/1/3/2/4V3 2 /2/1/5V4V3M00 and 
b' = fif?fifififififi u oo- Then the following points B and B' of E v>n are in 
and Ob',n, respectively. 



(B 



1 0' 
10, 



(Bo 



T 2 



(Bo, 



(I 0\ 

10 



\0 1/ 

(1 0\ 
1 



(B'o 



0M 



1 






10 
\0 0/ 



o\ 

1 


\o i; 



/I 0\ 

10 



\0 0/ 



(B'o), 



Now we can state a counterexample of Conjecture 1. 
Theorem 7.2.1. 

55(T 06 JdA 6 uA,. 



/I 












/o 







1 




























1 





\o 














V 



Remark 1. In fact, although we don't give a proof (relying on Lemmas |S.2.1| and 
S.2.2|) , they coincide. 

Let U be the subvariety of Ev,u consisting of elements B = (B T1 , B T2 , B T3 , B Ti ) G 



Ev n of the form B T 



(A, 



B T 



7 2 , 



B 



7 2 , V 



and B T 



'0 N 

^2, 



where 7 2 



'1 N 
1, 



and Xi, Yi, Y%, Z\, Z<i are 2 x 2-matrices. 



Let M be the complex vector space of (Aj) i6Z / 4Z where each A\ is a 2 x 2-matrix, 
let 5 be the closed subvariety of M consisting all elements such that A i+ iAi = 
and rank(Aj) < 1 and let S be the subvariety of M consisting of elements such that 
Ai+\Ai = and rank(Aj) = 1. It is clear that S is the closure of S. 

Lemma 7.2.2. (1) O biQ n U S S, 

(2) Of,i t n fl U = {B' Q } and Oy t n and U intersect transversally. 
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Proof. Let us prove (1). B — (B T1 , B T2 , B T . A , B T4 ) e O^qDU is characterized following 
properties; 

(i) rank5 ri = rank^X^ I 2 ) = 2, 

(ii) rank B T2 B T1 = mnk(X 1 ,X 1 Y 1 + Y 2 ) = 1, 

(iii) rank B Ta B T2 B T1 = rank(X 1 , X X Z X + (X 1 Y 1 + Y 2 )Z 2 ) = 1, 

(iv) rank B T4 B T ,B T2 B Tl = rank (x x Z x + {X X Y X + Y 2 )Z 2 ) = 0, 

(v) rank£> T2 = rank \^ ^ ] =3, 



0, Y, 



2, 



vi) mnk B T . { B T2 = rank ( Z \"t Jf 1 ^ 2 ) = 2 



(vii) rankB T4 B T3 B T2 = rank | g 1 ^ 2 ) = 1, 



(viii) rank_B T3 = rank = 3, 

(ix) rank£> T4 £> T3 = rank (^g^j = 1' 

(x) rank£ T4 = (° ] =2. 



2 , 



Set Z x = Z 1 +Y 1 Z 2 . By a direct calculation, we conclude that C^^flC/ is isomorphic 
to the set of (X x , Y 2 ,Z 1 ,Z 2 ) such that 

rank X\ = rank Y 2 = rank Z\ = rank Z 2 = 1 , 

(cof y 2 )Xi = = r 2 z 2 = Zi(cof z 2 ) = o. 

Here we denote the cofactor of A by cof A. This proves (1). 
The similar arguments yield (2). □ 

To see Theorem 7.2.1, it is enough to show that 

(7.2.1) SS( v Cs) is not an irreducible variety. 

Let Bs\M-as be the D-module of the delta function on S in M — dS where dS = 
S — S. By the Riemann-Hilbert correspondence, (7.2.1) is equivalent to 

(7.2.2) SSi^BsiM-ds) is n °t an irreducible variety. 

7.3. In this subsection we shall prove (7.2.2). 

Assuming that SS( n Bs\M-ds) = T$M, we shall deduce a contradiction. 

We denote by F ■ the Fourier transformation functor. Then there is an isomorphism 
F : r(M; Tl) -> T(M*; F Wl) such that F o Xi = % o F, etc.. Here 971 is a D-module 
on M, Xi IS cl local coordinate of M and & is the corresponding dual coordinate. 
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According to [KS] we have 

SS( n Bs\M-ds) = SS( FlT Bs\M~ds) 

under the identification T*M = T*M* where M* is the dual space of M. On the 
other hand, it is known that 



supp( F ^ 5 | M _ 95 ) = SS( f *B S \m-8s) nT* M *M*. 

\1 



Set S* = supp( FlT Bs\m -as)- Then S* is the polar variety of S, i.e 



s* = 7;.\/ n v ,..!/• c m* 



Let (Ai) G M and let Ai = I X% ^ I for i G Z/4Z. We note that Xj, y*, z iy Wi are 

coordinates of M. Let 77^, C«, p« be the corresponding dual coordinates of M*. Set 

A* = C ^ . 
\Vi Pi J 

By an easy calculation, we see that S* is the variety of (A*) ie z/4z £ M* such that 
two eigenvalues of the 2 x 2-matrix A^A?^ coincide. That is, 

S* = {(A*) g M* ; f — 0} 
where / = (0 M - 2 , 2 ) 2 + 40 1>2 2il with ^ ^ = 

Hence SS( F7T Bs\M-ds) is an irreducible Djvf-module supported on 5*. There is a 
(C*) 4 x GL(C 2 ) 4 -action on M, by which ((q),(^)) G (C*) 4 x GL(C 2 ) 4 sends (A,) 
to (c^j+iAj^ 1 ). Then S is invariant by this action and hence n B s \M-ds is (C*) 4 x 
GL(C 2 ) 4 -equivariant. Hence its Fourier transform FlT B s \M-as is also (C*) 4 x GL(C 2 ) 4 - 
equivariant. 

Let Sq be a unique open (C*) 4 x GL(C 2 ) 4 -orbit of S*. Then its isotropy subgroup 
is connected. Since supp( F7r £>s|M-,9s) = S* and F7T Bs\M~as is irreducible, we have 

F7T Bs\M-dS = * {&S*\M*-dS* ® L) 

where L is an irreducible (C*) 4 x GL(C 2 ) 4 -equivariant local system on Sq. As the 
isotropy subgroup of Sq is connected, any irreducible (C*) 4 x GL(C 2 ) 4 -equivariant 
local system on Sq must be trivial. Therefore we have Fn Bs\M-as — n Bs%\M*-as? ) - 
The next result is due to Barlet-Kashiwara [BK]. 

Proposition 7.3.1 (Barlet-Kashiwara). (1) n B s *\M*-as* C O m *[1/ f]/0 M *- 
(2) ^5(f) G w Bs*\M*-dS$ where 5(f) = 1/f modO M * is the delta function. 
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Since Proposition 7.3.1, suppF 1 (%/)<5(/) C S and detAj vanishes on S, Hilbert- 
Nullstellensatz guarantees the existence of a positive integer m such that 



Zi Wi 



F- 1 ((d ( J)5(f))=0. 



Applying the Fourier transformation, we have 



(7.3.1] 



cL. d a . 



(dtJ)S(f) = 0. 



On the other hand, a direct calculation leads 



cL d a . 



(d^ k \f) = (Ak-2)d(d ( J)5^ +1 \f), 



where d = det(A* +l A* +2 A* +3 ) . As d is a polynomial free from Q, rji, pi, we get 



dm dp, 



m—X 



ww) = n (4* - 2 ) kw)* M (/)- 



fc=0 



Since A; is a integer, the right hand side never vanishes. This contradicts (7.3.1). 
Thus we complete the proof of Theorem [7.2. 1| . 

8. Relation with Schubert cells 

8.1. We consider the Dynkin diagram of type A^n-x and take its orientation Qq as 
follows: 

„ 1 n 2 t 2 T2„_2 2n-l 
ijo; O < O < • ■ • < O . 

Let v c i = YlllLi 1 —Vci(i)&i where Vd{i) = % (for 1 < i < n), = 2n — i (for n < i < 
— 1) and 
Let us set 



2n — 1) and let V d G V VcV 



El = {B £ E 



V c i,Uo i 



B n is injective for 1 < i < n— 1 and surjective n <i < 2n — 2}. 



It is clear that _Ej> ci is Cry -invariant. 

Let G be GL(n, C),5a Borel subgroup of G, W the Weyl group of G and X = G/B 
the flag variety. We set X w = BwB/B (w € W). Then X = Uwew X w gives a cellular 
decomposition of X. 

The decomposition of X x X to G-orbits is given by X x A = Uu>eVK ^ with 
Y w — G ■ {{eB} x A w ). Then, the following two conditions are equivalent: 



.1.1] 



SS(*Cx w ) is an irreducible variety. 



(8.1.2) 



SS( n Cy w ) is an irreducible variety. 
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We have a G-equivariant isomorphism 

Aj n gl (^) ^ x x x. 

Therefore there is a one-to-one correspondence between G-orbits of X x X and Gy cl - 
orbits of Ey . Let us denote by O Wj q the Gy cl -orbit of E Vci corresponding to Y w . 
Then we have 

(8.1) The irreducibility of SS( n Cx w ) is equivalent to that of SS( w Co w n )■ 

8.2. For an orientation f2 we say that i G / is sink (resp. source) of Q if there is no 
arrow % — > j (resp. j — > z) in fi. 

Lemma 8.2.1. (1) Let 6 G £?(oo). If SS(L b<n ) D Ay, tfien < £*(&') /or any 
2 G I. 

(2) If Ei{b) = Ei(b'), then the condition SS(L b ^) D Ay is equivalent to 

SS(Lg^b,n) ~D Agmaxy. 

Proof. (1) is already seen in Theorem |6.2.2| . Let us prove (2). Let us choose an 
orientation Q such that % is a sink. Set v — wt(6), m = and z/ = z/ + m«j. Let 
Z be the subvariety of Ey(u),n consisting of B such that 

© ^(^)out(r) -> 

in(r) — i 

has cokernel of dimension m. Similarly let y be the subvariety of Eyr^a consisting 
of B such that 

© V(P)oUt(T) 
in(r) — i 

is surjective. 

Then there is a CrL(V(z/)i)-bundle p : Z — ► y. Then 0ej m 6,n and Og^vfx are 
contained in y, and 

=P _1 (C , e - i max b,n) and CV,n = p -1 (C?e;^b,n). 
This shows immediately (2). □ 

For an orientation f2, let sfil (i G /) be the orientation obtained from Q by reversing 
each arrow that ends or starts at %. 

We define a map S t : {b G £(oo) ; £<(&) = 0} -> {6 G £(oo) ; £*(&) = 0} by 

Si(b) = ff Ab) B* max b. Then # is bijective. Note that wt(S. t (b)) = s;(wt(6)) (see [S]). 
Here Sj is the simple reflection. 

Lemma 8.2.2. Assume that b, b' G B(oo) has the same weight and that i G / satisfies 
£i{b) = Ei(b') = 0. Then the following two conditions are equivalent; 

(1) SS(L bi n) D Ky, 
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(2) SS(L Si (b), Si n) ^ A Si(6 /). 

Proof. We choose an orientation Q such that % is a sink. Set z/ = wt(fe). Set V = V(u) 
and V = V(sip) 

Let Z = {B E ; ffireS2 ; in(T)=j Kut(r) — * V% is surjective.}. It is clear that Z is 
an open subvariety of E v> q and contains both Ob t n and Oy^. The group GL(Vi) acts 
freely on Z. Let 7r : Z — > Z/GL(Vi) be the projection. 

Let Z = {B E Ey iS . n ; Vi -> © T G Sl c ; out(r)=i Vin(r) is injective} and let # : Z -> 
Z/GL(Vi) be the natural projection. 

We define a map 5 : Z/GL(Vi) — > Z/GL(Vi) as follows. We fix isomorphisms 

~ Vj (j 7^ z). For B E Z, we take an isomorphism ~ Ker ^©in(T)=iKut(T) - ► V*J. 

Then define I? = S(£?) by: for r G Sjfi, _B T is £? T if out(r) 7^ z, and i? r is the 
composition 



V t ~Ker © Kut(r') V- © Kut(r') -> Kut(f) 

V t'gH; in(r')=j / t'SSjO; in(T')=i 

if out(r) = i. 

It is easy to see that H is well-defined and an isomorphism. There are 6 and 
b E B(oo) such that 

7r(0^ n ) = H(7r(C 6j n)) and 7r(0fc,„ n ) = S(7r(CV, n )). 
Then the equivalence of (1) and (2) is reduced to 
(8.2) & = $(&) and 6' = $(&'). 

In order to see this, set F = V(u + mai) and take a generic point 5 of Then 

'\} ^ if./ ,' i 

© KutM^F^ © V Ht) ) ifj 

in(r)=i out(r')=i / 




I 



gives a point S of X v . It is easy to see that B is a generic point of ej* max b and also 
a generic point of ej max 6. Hence we have ej* max 6 = ej max b and (|8.2j ) follows. □ 



8.3. Only by using Lemma |8.2.1| and |S.2.2| we can show 



Proposition 8.3.1. Conjecture 2 is true for 1 < n < 7. 
In fact we used a computer to check this. 

There is a counterexample in the n = 8 case derived by the counterexample in 



Theorem 7.2.1. 
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Example 8.3.1. Let 



w 
w' 



S1S3S2S4S3S5S4S3S2S1S6S7S6S5S4S3 
S1S3S4S3S5S4S3S7. 



and 



Here are the standard generators of symmetric group. Then we have 



T~i* TP 



This singularity is also realized by a partial flag manifold as follows. Let X' be the 



set of flags {Fj} of C 8 with = F C F x C F 2 C F 3 C F 4 



and dimF, 



2j 



j = 1,2,3). Set Z = X' xX' = {(F, F') G X' x X'}. Let Z x be the SX(8)-orbit of 
Z given by the following table of dim Grf Gr ■ : 



and Z 2 is given by 



j\i 


1 


2 


3 


4 


1 


1 





1 





2 





1 





1 


3 


1 





1 





4 





1 





1 




1 


2 


3 


4 


1 


2 











2 








2 





3 





2 








4 











2 



Then Y w (resp. Y w >) is the inverse image of Z\ (resp. Z 2 ) by the canonical morphism 
X x X — » X' x X'. Hence the characteristic variety of the intersection cohomology 
sheaf of ^! contains the conormal bundle of Z 2 . The singularity of Z\ at Z 2 is the 
same as the one of the counterexample in Theorem [7.2. 1| . 
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